We construct relativistic nonlinear sigma models on the target space of coadjoint orbits coupled with the Chern-Simons field and study self-dual solitons. When the target space is given by the Hermitian symmetric spaces, we find that these solitons saturate the Bogomol'nyi bound of the energy functional which is bounded from below by a topological charge. The Bogomol'nyi potential on the arbitrary Hermitian symmetric spaces is obtained in the case when the maximal torus subgroup is gauged, and the self-dual equations in the CP (N − 1) case is explored. We also discuss the nonrelativistic limit and find that it yields the previous Chern-Simons Heisenberg ferromagnet model of easy-axis type.
Recently, the O(3) nonlinear sigma models (NLSM) gauged with Maxwell and ChernSimons fields in 2+1 dimensions [1, 2, 3] was proposed and it was found that they possess various kinds of self-dual solitons which saturate the Bogomol'nyi bound [4, 5] . They have been subsequently extended to the CP (N − 1) case with the Chern-Simons (CS) gauge field [6, 7] . These models are defined on the target spaces of S 2 and CP (N −1) which are well known examples of the coadjoint orbit G/H with S 2 = SO(3)/SO(2) ≈ SU (2)/U (1) and CP (N − 1) = SU (N )/SU (N − 1) × U (1).
The other development in the gauged NLSM was formulation of a nonrelativistic NLSM defined on the target space of the coadjoint orbits coupled with the CS gauge field [8] . This theory describes the generalized CS Heisenberg ferromagnet in (2+1)-dimensions where the matter equation of motions is governed by the gauged inhomogeneous Landau-Lifshitz equation [9] . It was shown that it also exhibits a rich structure of rotationally symmetric self-dual CS solitons solutions [10] when the target space is Hermitian symmetric spaces (HSS) [11] . They are special types of the coadjoint orbits equipped with the complex structure which plays a crucial role in the existence of the self-duality.
In this Letter, we extend the above generalized CS Heisenberg ferromagnet theory to relativistic case which leads to the relativistic NLSM with the target space of coadjoint orbit. When the target space is the HSS, we find that the Hamiltonian is bounded below by the Bogomol'nyi bound and the resulting self-dual CS solitons satisfy a vortex-type equation, thus producing a class of new self-dual theories on HSS. It provides a unified framework for treating the previous CS gauged O (3) and CP (N − 1) models in which the gauge group G [1, 6] , the subgroup H = U (1) [3] and the non-Abelian subgroup [7] were gauged respectively. We explore the self-dual equations in the CP (N − 1) case in detail, where the maximal torus subgroup is gauged. We also discuss the nonrelativistic limit in the CP (1) case and show that it yields the CS CP (1) Heisenberg ferromagnet model of Ref. [8, 10] .
We start with a brief summary of the coadjoint orbit [12] and relativistic NLSM.
Consider a group G, Lie algebra G and its dual G * : X, Y, · · · ∈ G; u, v, · · · G * . The adjoint action of G on the Lie algebra is defined by
Denoting inner product between G and G * by < u, X >, the coadjoint action of the group on G * is defined in such a way to make the inner product invariant:
The coadjoint orbit is given by the orbit of coadjoint action of the group G: Fix a point u ∈ G * , then the orbit is generated by
It can be shown that O u ≈ G/H, where H is the stabilizer of the point u.
Let us assume that the inner product is given by the trace: < u, X >= Tr(Xu).
Then, G and G * are isomorphic and the coadjoint orbit can be parametrized by
We restrict to the case Tr(t A t B ) = − 1 2 δ AB . The action for the NLSM on the target space of coadjoint orbit can be constructed as
The crucial point for our purpose is to choose the element K to be the central element of the Cartan subalgebra of G whose centralizer in G is H [13] . Then, for the HSS, we have J = AdK acting on the coset is a linear map satisfying the complex structure condition J 2 = −1, which gives the useful identity [13] :
Let us first consider the case of CS gauged action of Eq. (5) with the group G:
where the covariant derivative is defined by
We assume that the potential is given by
where I AB is the symmetric tensor and its content will be determined by the self-duality condition. The equations of motion are given by
.
To study self-dual solitons, we bring the energy functional into Bogomol'nyi form [1] :
where the topological charge T G is given by
In deriving Eq. (11), we used the crucial identity [8] [Q, [Q,
which is the gauged version of Eq. (6). Thus, the Hamiltonian is is bounded below by the topological charge T G when the potential W G is chosen such that
The minimum energy arises when the self-duality equation is satisfied:
Consistency with the static equations of motion (10) forces
which in turn puts the potential W G = 0 and I AB = 0. Note that the gauge field can be chosen as a pure gauge in this case and the contents of the Bogomol'nyi solitons are two dimensional instantons which has been completely classified on each HSS [14] . The action (7) includes the previous case of S 2 [1] and CP (N − 1) [6] as particular cases.
More interesting cases in which the system offers other solitons arise when we gauge the subgroup H. We consider gauging the maximal torus subgroup of G:
Here, the index a = 1, · · · , dim G denotes the maximal Abelian subgroup and we included the uniform background charge term [15] given by Λ a . Again, the content of the potential W H will be determined from the self-duality condition.
Using the Gauss's law given by
we find that the energy functional satisfies
when the Bogomol'nyi potential W H is chosen as
Note that V a 's are free parameters associated with the vacuum symmetry breaking [3] .
When the self-duality equations
are satisfied, we see that the energy is saturated by the topological charge:
The static first order equation (21) fixes A a 0 to be 
where the z's can be expressed by the Fubini-Study coordinate ψ a (a = 1, 2, · · · , N − 1):
We choose the standard expression for t A 's: t A = iλ A /2 where λ A is the SU (N ) GellMann matrices. The Cartan subalgebra generators H a generating the maximal torus subgroup are given by N − 1 diagonal matrices
Using the complex notation; z = x + iy,z = x − iy,
and
, we obtain an alternative expression of the self-duality equation,
With the parameterization of Q as in Eq. (24), the self-duality equation (27) for the plus sign case becomes a set of N − 1 equations [8] ,
Similarly, for the minus sign case, we have
We concentrate on the plus sign. With the parameterizationψ a = w a exp(iφ a ), we find that Eqs. (18), (21) and (29) produce the following vortex-type equation:
where Γ a is given by
We used the normalization: {λ A , λ B } = (4/N )δ AB I + 2d ABC λ C . Also the Bogomol'nyi potential (20) can be expressed by
For example, in the simple case of CP (1) with w 1 = w, φ 1 = φ, V 1 = V, Λ 1 = Λ, the above potential becomes
which is exactly the same as the potential in the O(3) model [3] . Next, we find that Eq.
(32) becomes
A detailed numerical study of the above equation shows that the equation has various kinds of rotationally symmetric solitons solutions [3] .
Finally, we discuss nonrelativistic limit of the action (17). We restrict to the SU (2) and Λ = 0 case. To achieve our goal, we start from another action which is classically equivalent but expressed in terms of a column vector Ψ † = (Ψ * 1 , Ψ * 2 ) defined by [8] 
, and the auxiliary field a µ :
where the covariant derivative is defined by [5] 
Note that the potential (35) has been dimensionally corrected so that it has factors of speed of light c and l 0 which has the dimension of length associated with lattice constant (see below). We also kept the term (Ψ † Ψ) 2 which was normalized to be 1 in the potential (35). Modulo these factors, one can check that elimination of the auxiliary field a µ by using the equation of motion and rewriting the resulting action in terms of Q leads to the original action.
Let us assume the following form of the field Ψ [16] :
with Φ † Φ =constant. Here m is a mass parameter (see Eq. (41)). Then, in the limit c → ∞, the term −2|D 0 Ψ| 2 becomes up to an irrelevant constant 2icΦ † ∇ 0 Φ with
2 . Note that the auxiliary field a 0 completely decouples from the theory due to the constraint Φ † Φ =constant and this is crucial to obtain the canonical form 2ic(Φ † ∇ 0 Φ).
To proceed further, we define V = (1/2m)v and take a look at the anisotropic constant
To maintain a finite anisotropic constant, we require v/c 2 =fixed as c → ∞. Let us define new variables:
Putting everything together, and keeping only leading terms in 1/c, we arrive at the following Lagrangian (neglecting an irrelevant constant):
Note that modulo factor of 1/2m in the second term, the above form of Lagrangian coincides the CS CP (1) Heisenberg ferromagnet model of Ref. [10] with the easy axis type (J < 0, ρ e = v = 0 in that paper). However, the self-dual potential in that case requires the anisotropic constant J fixed to be ∓/mκ [8] , which generate a relation, 
where g is the gyromagnetic ratio and α characterizes the exchange interaction of lattice size l 0 [9] .
In summary, we showed that the coadjoint orbit approach for the relativistic NLSM coupled with CS gauge field reveals a class of new self-dual field theories on the target space of HSS which includes many of the previous cases. We also found the Bogomol'nyi potential when the maximal torus subgroup is gauged and that the nonrelativistic limit of CP (1) case leads to the anisotropic ferromagnet of easy axis type. Note that the identity (13) on HSS is essential for the existence of self-duality. In this respect, it would be an interesting problem to extend the above formalism to other non HSS coadjoint orbits. Quantization of the model is another problem to be addressed.
